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Elastic Analysis of a Pin-Loaded Lug
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A numerical study is described of the elastic deformation of a pin-loaded lug. A boundary element model for
engineering analysis of elastic deformation of the round ended lug is proposed. Computational results on the
deformation pattern, stress distribution, effect of pin-ligament interface, influence of pin interference, effect of the
ratio of lug width W and height of lug, H, to hole diameter D are obtained and discussed.

Introduction

HE lug is a subject matter of the proposed study. It is used

in structures, load-lifting and load-carrying systems, and ma-
chinery and because it is also used in aircraft structures, its study
has attracted serious and often classified research attention. In situ-
ations where loads are to be temporarily attached on to a stationary
or moving structure, lug joints are often used. Lug joints are com-
monly used for load transfer between two structural components.
The basic configuration of lug is a hole fitted with a pin, as shown
in Fig. 1. The lug allows relative movement and permits easy instal-
lation and dismantling. In certain applications, for example, aircraft
structures, careful design of a lug is of utmost importance because
consequences of its failure can be very severe. Increasingly sophisti-
cated methods are being employed for investigating the distribution
of stress and strain in the body of the lug.

To this end, various experimental, analytical, and numeri-
cal techniques have been employed. For example, Schijve and
Hoeymakers,! following the procedure developed by James and
Anderson,? obtained empirical stress intensity factor relations from
the crack growth rate data of through-the-thickness cracks under
constant-amplitude loading. Nicoletto and Gianni® on the other
hand, used the frozen stress photoelasticity method to determine
approximate stress intensity factor solutions for both through-the-
thickness and corner cracks in those components. Jessop et al.*>
also conducted photoelasticity experiments and obtained stress dis-
tribution in araldite plates incorporating an interference fit rigid pin.
Cox and Brown® found that, in an uncracked lug, the stress concen-
tration at the point of minimum cross section is relatively insensitive
to pin clearance. Heywood’ studied the effect of friction at the pin—
lug interface on stresses in a lug. A photoelastic model fitted with
an interference-fit duralumin pin was tested. He found that the in-
fluence of pin clearance on the stress concentration factor in the lug
is rather anomalous. Gencoz et al.® obtained the distribution of pin
bearing pressure from photoelastic test data. Fatigue crack growth
tests on aluminum, titanium, and steel lugs were used to compare
the stress intensity factor solutions. Stress intensity factor distribu-
tions from crack growth measurements in lugs were obtained by
Moon.’ Cartwright and Ratcliffe'® carried out experiments on an
Instron machine to determine the strain energy release rate in the
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case of two equal radial cracks emanating from a central hole in a
finite width strip. The load was transmitted to the strip through a
neatly fitting pin in the central hole. The stress intensity factor was
calculated in terms of the compliance derivative.!! Analytically, a
relatively simple compounding method, which involves the super-
position of known solutions, was applied to cracks in lugs by Krikby
and Rooke'? and by Liu and Kan."

More recently, years, numerical methods have become quick and
expedient means of treating lug problems. In this regard, the finite
element method hitherto had been the computational technique used
almost exclusively for investigating this type of problem. Examples
include the work of Pian et al,'* Wang,"” and Kathiresan et al.'®
Pian et al.'* analyzed the pin-loaded lug problem by assuming the
pin loading to be either uniform or varying according to a cosine
stress function. Wang'> used the general purpose finite element code
ABAQUS for the stress analysis of a round-ended lug. Computa-
tional results showed that the peak stress in the lug is rather sensitive
to the magnitude of the transmitted load and the clearance of the fit
between the pin and the lug. Kathiresan et al.'® proposed an approach
based on finite elements, Green’s function, and correlation factors
for the prediction of stress intensity factors for corner cracks in at-
tachment lugs. Satishkumar et al.!” studied the case of a cracked lug
fitted with an oversized pin and developed a finite element contact
algorithm to deal with dynamic contact at the pin—plate interface
using direct iterations and a marching scheme.

An alternative computational technique, which has gained much
prominence in recent years in engineering stress analysis, is the
boundary element method. It is increasingly being used for this
type of problem, for example, Refs. 18 and 19, although reports
of its use in this area remain fairly limited in number. The key
attractiveness of this method lies in that only the boundaries of
the solution domain need to be modeled. Man et al.?° analyzed
the pin lug problem by discretizing them separately and setting up
continuity and compatibility equations at the contacting node pairs
in the form of constraints.

For the elastic analysis of the lug, the boundary element method
offers distinct advantages over the finite element method. The former
considers both displacement and tractions as primary unknowns,
which may be independently represented with an equal degree of
accuracy. In particular, the coupling of normal and tangential trac-
tions can be handled with ease. Also, the contact pressure between
the pin and the ligament can be obtained directly. In fact, the bound-
ary element technique has emerged as an efficient numerical tool
for solving problems involving steep stress gradients, such as those
occurring in a cracked lug. The authors developed an efficient and ro-
bust elastic boundary element model for the analysis of stress in alug
and obtained detailed computational results to help the lug designer.

Proposed Model

The ligament is considered as a homogeneous elastic body of uni-
form thickness. Otherwise, the ligament geometry can be arbitrary.
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Fig. 1 Typical lug configuration.

Ligament

Direction of T
traverse

Fig. 2 Proposed boundary element model.

The height and width of the ligament are assumed to be much larger
than its thickness. The coordinate system is chosen so that the z
axis lies in the thickness direction (Fig. 2). A pin made of a rigid
material passes through a hole in the ligament. During the loading
process, the pin is assumed to remain stationary. An upward load
is gradually applied at the top end of the ligament. The length of
the contact between the rigid pin and the ligament along the hole
boundary is assumed to be known a priori. The nature of friction
at the pin ligament interface is also considered to be given. Radial
cracks emanating from points on the hole boundary may or may not
be present.

Governing Equations

Kelvin’s solution (see Ref. 21) for a line load acting in the interior
of an infinite elastic medium can be used to derive expressions for
the components of displacement and stress at any point in the elastic
medium. It can be shown that if p} and p; are the tangential and nor-
mal stress components on the jth boundary element, displacements
u and v in the x and y directions at any point (x, y) are obtained as
follows:

u=UP/ +U,P/, v=uv,P/ +v,P/ )

where Uy, U, vy, and v, are influence coefficients. (The derivation
for the influence coefficients is rather lengthy and is omitted to con-
serve space, Interested readers may find them in Ref. 22). Similarly,
the components of stress o,, oy, and t,, in the elastic medium are
related to the components of applied stress p{ and p; and are given
by the following equations:

Oy = stP;-/ + S,mPé, Oy = Sysp! + Synp};

Ty = S,\'yspf + S,\'ynpri (2)
where expressions for sy, Sxu, Sys, Syn» Sxys, and Sy, are influence
coefficients. Specifying the point to the center of the ith element
and summing the effects of applied stresses on all of the N ele-
ments, j =1,..., N, we get the following equations for tangential
and normal components of displacements 8’ and &/ and tangential
and normal stress components 7/ and 7/ at the midpoint of the ith
element:

N N
=Y Alp/+Y Alp]

Jj=1

N
8= Alpl

Jj=1

N
+> Al

(3)
=1 =1
N N
=Y Bip/+Y Bipl
j=1 j=1
N N
wi=Y Bipl+Y Bip] @

j=1 j=1

where Agl, Ay, Ajs,and A}, are influence coefficients for displace-
ment and By}, B, B, and B,}, are the influence coefficients for
stress.?? Note that both the displacement and the stress influence
coefficients depend on mechanical properties of the elastic medium
and the lengths and orientations of individual boundary elements of

the body.

Solution Technique

In the governing equations (3) and (4), there are 2N fictitious
stress components p? and p;, j varying 1,2, ..., N. Therefore,
we obtain a system of 2N linear simultaneous algebraic equations
having as many unknowns. In the proposed model for the analysis
of a lug, four types of boundary conditions exit: 1) on a set of M,
elements, where both the stress components are prescribed, 2) a set
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of M, elements, where both the displacement components are pre-
scribed, 3) M; elements, where the tangential stress component T
and normal displacement §, are prescribed, and finally 4) M, ele-
ments, functional relationship between tangential and normal stress
components of stress o, and oy, that is, coefficient of friction, and
normal displacement §,, is obviously prescribed,

N =M+ M+ M;+ M, (5)

Corresponding to the set of M; elements, we have a set of two M,
equations represented by

(t)i = Z BIpl + Z Bl p]

j=1 ji=1

N N
(@)=Y Bipl+) Bipi ©)

j=1 J=1

where i refers to elements in set 1.
In the case of the second set of M> elements, we obtain the fol-
lowing conditions:

(8) = ZA’”pé +ZAmpn'

ji=1 j=1

Z Aypl + Z Aupr @)

j=1 ji=1

where k belongs to the set M,, The two M3 equations pertaining to
the third set of elements may be written as

(w) = Z Upl + Z B} p)

j=1 Jj=1

5) = ﬁ: Alpl+ i A, ®)

j=1 j=1

where / belongs to the set M;. Last, the two M, conditions corre-
sponding to the fourth set of elements are given by

N N N
> Bipl+Y Bip,=-n Z pi+ Z B/ p)

j=1 j=1 i=1 j=1

(&), = Z A% p) + Z AL p] ©

j=1 j=1

where m belongs to the set M, and m is the coefficient of fric-
tion at the interface between the pin and ligament. Equations (6-9)
constituting the system of equations may be collected as
follows:

[CI{P} ={B} (10

where [C]isa2N x 2N matrix of appropriate influence coefficients,
{P}isa2N x 1 column matrix of unknown fictitious stresses, and
{B}isa2N x 1 column matrix of prescribed boundary displacement
or stresses. The solution of the preceding system of equations yields
values of fictitious stresses p; and p;, j=1,2, ..., N. These values
may then be substituted in Egs. (1) and (2) to obtain stress and
displacements at any desired point within the problem domain.
The model just discussed represents a plane stress problem of the
theory of elasticity. Because the geometry is arbitrary, the solution

can be achieved only through numerical means. In the present study,
the boundary element method has been used for analyzing the model.

Boundary Element Code

A special purpose boundary element code has been developed for
solving the proposed model. It is applicable to plane stress problems.
The formulation and numerical procedure described in the foregoing
paragraphs are implemented in the program. The program BEM2D
comprises the following segments:

1) The main segment reads file containing information about the
lug geometry, the material parameters, and the number of elements
on each boundary segment. It also calls the different subroutines in
an appropriate order.

2) The subroutine profile automatically generates the desired
number of elements on each boundary segment and computes their
orientations relative to the global coordinates.

3) The purpose of the subroutine contact is to apply the boundary
conditions on the elements defining the pin—ligament interface.

4) Subroutine internal points (intpts) generate coordinates of
points of interest within the lug boundary where it is desired to
compute the components of stress and deformation.

5) The subroutine coefficient generates the coefficients given in
Eqgs. (1).

6) The subroutine influence computes different influence coeffi-
cients for deflections and stresses given in Egs. (3).

7) The subroutine solve is used for the solutions of system
Eqgs. (10).

8) The subroutine bound computes the components of stress and
displacement at each boundary element.

9) The subroutine stress is used for computing stress and dis-
placement components at internal points of interest.

Computational Results

To obtain the computational results, a round ended aluminium
lug (Fig. 2) having the following dimensions was considered:
L =162.5 mm, W =75 mm, D =25 mm, and H = 150 mm. The
thickness of the lug was taken to be 12.5 mm. Analysis of the ten-
sile test data on aluminium specimens guided the following values
of the material parameters: £ = 70,000 N/mm? and v =0.33. The
normal stress 745 on the boundary AB was taken as 10 N/mm?. The
diameter of pin was considered to be equal to the hole diameter so
that, when loaded, the contact length extended over whole of the
lower half-circumference of the hole, resulting in an angle of con-
tact . = 180 deg. Sticking friction was assumed over the length of
pin ligament contact. The boundary AB of the lug was divided into
20 elements of equal length, boundaries BC and DA into 10 ele-
ments each, and boundary CD into 20 elements. The hole boundary
EFF/GGVIE of the structurally integral lug was divided into 36 equal
size elements.

For the sake of generality, the different components of stress have
been nondimensionalized by dividing each by a so-called nominal
stress opom defined as follows:

t AB
Onom = AB X (1 1)
2FD

where the lengths AB and FD are as shown in Fig. 2. The components
of displacement have been divided by the hole diameter to render
them non-dimensional. (All nondimensionalized quantities carry a
superscript asterisk). The distance & of any point P from F has been
nondimensionalized as follows:

&' =&/FD (12)
where

=W -D)/2 (13)
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Verification of Proposed Model

The predictions of the proposed model were compared with those
of a corresponding finite element model by Wang.'® Figures 3 and
4 show a comparison of the variation of o} and distance §*. The
present results are approximately same as those of Wang. However,
the stress concentration factors predicted by the present boundary
element model are higher (and, therefore, more conservative) than
those reported by Wang. This can be attributed to the fact that the
predictions of a finite element model are usually less accurate than
those of a corresponding boundary element model, especially in
situations involving high stress gradients.

Deformation Pattern

Figure 5 shows the resultant displacement at different points of the
ligament as a result of a uniform upward traction acting at the top end
AOB of the ligament and point contact condition prevailing at point
G (Fig. 2). The displacements in Fig. 5 have been magnified by 50
times to make them observable. The maximum nondimensionalized
resultant displacement §* is found to be 8.36 x 107,

0.418 0.423 0,423 0418
0355 0355
0,292
0277 0,277
0,277 027 7\

0.240 0.00 0240

0161

0.161

0.232 0,232
Fig. 5 Resultant displacement at key points of the lug.
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Fig. 6 Variation of o with 0 at r = D/2 (push fit case).

Distribution of Stresses on Hole Boundary

Stress distribution along the hole boundary is of special interest.
The variation of hoop stress o,; with angle 6 at r = D /2 is shown in
Fig. 6. Here, o, rises as 6 increases from —90 deg and attains a max-
imum at 6 = 10 deg. In the range —10 <6 < 10 deg, o, decreases
rapidly. There is a slight increase in o} as 6 increases from 10 to
90 deg. Observe that the maximum value 6.08 of the hoop stress
occurs at & = —10 deg. This is in close agreement with the finding
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of Frocht and Hill*} based on their photoelastic study of the lug that
maximum hoop stress occurs at a value of 9 deg, that is, 81 deg
anticlockwise of point E (Fig. 2). The largest principal stress o',
of course, is identical to that of the hoop stress oy on the unloaded
portion of the boundary. However, on the loaded portion, the pattern
of the variation with angle 0 is different, as shown in Fig. 7. It is
found that o|" increases rapidly in the range —70 < 6 < —10 deg and
attains a maximum value of 6.08 at & = —10 deg. Between 0 = —10
and 6 = 10 deg, it decreases rather rapidly. Thereafter, the decrease
is very gradual. At 6 =0 deg, the value of the principal stress ;" is
5.44, which is somewhat smaller than the maximum value of 6.08.

Effect of Contact Length

The contact length primarily depends on the nature of the fit. An
increase in clearance between the pin and lug decreases the angle of
contact. To an extent, the magnitude of the load transmitted by the
rigid pin also affects the angle of contact. Increasing the external
load tends to increase the angle of contact.

The effect of the contact angle on the distribution of stress o’ on
the horizontal plane passing through the hole boundary is shown in
Fig. 8. It is found that, for . > 60 deg, there is hardly any change in

7 -

6f

or*

6 (Degrees)

Fig. 7 Variation of nondimensionalized maximum principal stress a'y*
with 0 at r = D/2 (push fit case).
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the distribution of o as a result of changes in .. However only for
a. =160 deg, there is a change in the distribution of ;. This is in
general agreement with the statement of Cox and Brown® that, for
an uncracked lug, the stress concentration at the point of minimum
cross section is relatively insensitive to pin clearance. For a given
external load, the maximum value of o} on the horizontal section
FD (Fig. 2) is found to decrease and the smallest value to increase
as the contact angle increases.

Effect of Interference

In case the pin diameter exceeds the hole diameter, for example,
by an amount §, interference conditions prevail. Furthermore, if
the lug is unloaded, the contact between the pin and the ligament
occurs over the whole circumference of the hole. In other words,
the angle of contact becomes equal to 360 deg. Figure 9 shows the
variation of o on the line FD (Fig. 2) caused by an interfering
pin in an otherwise unloaded lug. The §* in Fig. 9 is defined as
follows:

§* =38/D

For §* = 0.002, the maximum value of o} is found to be 16.09 and to
occur at £* approximately equal to 0.15. The trend of the variation
of o with £* is in agreement with findings of Wanlin.?* Beyond
the point of maxima, o decreases continuously outward toward
point D.

Suppose now an external load is applied to the end AOB of the
ligament (Fig. 2). The combined effect of pin interference and ex-
ternal load may be obtained by superposing the two effects caused
by the interfering pin. Figure 10 shows the variation of o} with hor-
izontal distance £* for different values of §* =0.002 and 0.001. It
is found that interference causes a significant increase in the stress
concentration factor.

Effect of Geometrical Parameters of Ligament

The two design parameters of interest concerning the lug ge-
ometry are the ratio of the ligament width to hole diameter ra-
tio (W /D) and the ratio of the ligament height and hole diameter
(H /D). Computational results were obtained corresponding to the
following values of W/D and H/D: W /D =3.0,2.5, 2.0, and 1.5,
and H/D =6.0, 4.0, and 2.0.
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Two different contact conditions, namely, point contact and con-
tact over half the circumference, were considered. Figures 11 and 12
show the variation of o with £* corresponding to different ratios
of W/D. The variations are approximately identical except for the
smallest value of ratio W /D, namely, 1.5. In the last case, the peak
stress o is found to be significantly lower.

Variation of o with §* corresponding to different ratios of H/D
and the mentioned two contact conditions are given in Table 1. It
is observed that the ratio H /D does not materially affect the peak
stress 0. This observation is in agreement with the findings of Liu
and Tan' that the peak stress (0 )max remains virtually unchanged
with changes in the values of the parameter H/D.

Table1 Variation of a'y* with nondimensionalized horizontal £*

& oy (point load) o (push fit condition)
H/D ratio=2.0
0.1 2.5887 1.7436
0.2 1.8068 1.1315
0.3 1.33 0.8565
0.4 0.9976 0.6951
0.5 0.7379 0.58
0.6 0.5138 0.484
0.7 0.3035 0.393
0.8 0.0908 0.2983
0.9 —0.1397 0.1934
H/D ratio=4.0
0.1 2.5524 1.7364
0.2 1.7843 1.1259
0.3 1.3158 0.8526
04 0.9894 0.6925
0.5 0.7345 0.5787
0.6 0.5147 0.4838
0.7 0.3085 0.3934
0.8 0.1005 0.2978
0.9 —0.1247 0.1865
H/D ratio=6.0
0.1 2.5308 17326
0.2 1.7696 1.1232
0.3 1.3047 0.8504
04 0.9805 0.6907
0.5 0.7272 0.577
0.6 0.509 0.4818
0.7 0.3052 0.3906
0.8 0.1011 0.2926
0.9 —0.1188 0.1752
3
25
2 L
——W/D=3.0
—M—W/D=25
*® ~—k—WID =20
¢ 18T —%—WID =15
1
0.5
0 RS TS WU T TN SN NN (T S SN S SN N (T S N 1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
g

Fig. 12 Variation of o with nondimensionalized horizontal distance
&* corresponding to different ratios of W/D (push fit case).

Conclusions

A two-dimensional boundary element model has been proposed
for engineering analysis of elastic deformation of a lug of arbitrary
shape subjected to arbitrary loads. It is assumed that the length of
contact between the pin and the ligament is known a priori. A compu-
tational procedure and a corresponding special purpose FORTRAN
program have been developed to set up and solve the system
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equations. The program is robust and computationally efficient. Pre-
dicted values of stress have been compared with published results.
Detailed computational results have been obtained and analyzed.
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